Abstract. The free vibration of functionally graded material (FGM) beams on an elastic foundation and spring supports is investigated. Young's modulus, mass density and width of the beam are assumed to vary in thickness and axial directions respectively following the exponential law. The spring supports are also taken into account at both ends of the beam. An analytical formulation is suggested to obtain eigen solutions of the FGM beams. Numerical analyses, based on finite element method by using a beam finite element developed in this study, are performed in order to show the legitimacy of the analytical solutions. Some results for the natural frequencies of the FGM beams are given considering the effect of various structural parameters. It is also shown that the spring supports show the greatest effect on the natural frequencies of FGM beams.
Introduction
Many new materials have been developed in recent years, including functionally graded materials (FGM) . In 1984 the theory of functionally graded materials was firstly introduced in Japan during the space plane project. Generally, FGM is a material in which the volume fractions of two or more material components are created to vary continuously with position, in particular, along the thickness direction.
The non-uniform cross-section beam is popularly used in various engineering fields. In the past, many studies have been performed for the free vibration of the non-uniform beams. The problem often leads to the solution of fourth-order partial differential equations; however closedform solutions cannot be found for a number of problems, therefore the use of numerical methods such as the finite element method (FEM), the finite difference method, etc. has been required. Closed-form solutions can be found only for certain special cases, such as those structures with an exponentially varying cross-section (Ece et al. 2007 , Haasen et al. 2011 , Lardner 1968 , Suppiger and Taleb 1956 . By solving the partial differential equations, solutions to free vibration are obtained via trigonometric and hyperbolic functions (Ece et al. 2007 , Haasen et al. 2011 , Suppiger and Taleb 1956 , hypergeometric functions (Caruntu 2008 , Bessel functions Lardner 1968 . These are analytical solutions which describe the vibration behavior of the beam under different boundary conditions and the determination of the effects of a continuously varying cross-section on the natural frequencies and mode shapes. In addition, a closed-form solution of the free vibration problem has been found for stepped beams (Gutierrez et al. 1991) . Most previous studies have used numerical techniques to analyze the vibration of variable cross-section beams. For instance, employment of finite element method (Klein 1974 , Gupta 1985 , Ramalingerswara Rao and Ganesan 1995 , Galerkin method (Pakar 2012) , approximate method (Tong et al. 1995) has been reported in the literature. Several studies have been performed considering the effect of foundation in vibration problems (Zhou 1993 , Lee and Lin 1995 , Sen and Huel 1990 . Furthermore, some authors studied the response of beams subjected to impulsive load (Ramalingerswara Rao and Ganesan 1995, Calm 2008) , and moving load (Simsek and Cansiz 2012 , Wang 1997 , Abu-Hilal and Mohsen 2000 .
In recent years, structures made of functionally graded material have drawn some interests by researchers. Haasen et al. (2011) investigated the free vibration of a functionally graded beam with exponentially varying cross-section using analytical methods. However, most of the investigations on the vibration of functionally graded beams are performed based on the finite element method (Alshorbagy et al. 2011 , Ying et al. 2008 , Chakraborty et al. 2003 , Mohanty et al. 2011 . Also this direction, Mohanty et al. (2012 Mohanty et al. ( , 2013 have investigated the free vibration of uniform functionally graded sandwich beam using FEM based on first order Timoshenko beam theory. Employing other schemes, Ke et al. (2010) investigated nonlinear vibration of functionally graded beams, and Simsek and Cansiz (2012) studied dynamic responses of an elastically connected doublefunctionally graded beam under moving harmonic load at constant speed.
The foregoing review clearly shows that the majority of works are performed on the analysis of free and forced vibrations of beams made of various materials. However, the research works concerning the FGM beams on elastic foundations are still limited. In this study, we focus on the dynamic behavior of FGM beams on elastic foundation. In particular, additional effects of varying sectional properties, elastic end-springs and elastic foundation on the dynamic characteristics of FGM beams are explained by using the formulation suggested in this study.
The paper is outlined as follows: In Section 2, a formulation for the solution of free vibration of FGM beams is proposed in the context of analytical methods. Section 3 describes a procedure of using the finite element method for the computation of free vibration of FGM beams. In section 4, analytical and FEM solutions of natural frequencies are addressed for FGM beams with varying cross-sections, which not only rests on an elastic foundation but also with end-spring supports. The natural frequencies of FGM beams and their dependence on the through-thickness material and geometrical properties are investigated in detail.
Analytical formulation

FGM beam model
Let us consider the functionally graded beam in Fig. 1 . The parameters of the model FGM beam are as follows: L is the length of the beam, h is the thickness of the beam, and b denotes the width of the beam. For the material parameter of Young's modulus E, the mass density ρ of the beam and the width of the beam b, the following exponential law is assumed with absolute values 
In Fig. 1 , K 1 , K 2 , and K f denote the stiffness of the rotational spring supports at both ends and the elastic foundation. 
Analytical formulation
We will use the assumption of the Euler-Bernoulli beam theory, and the plane of beam is symmetric with respect to x-y plane, thus, the mid-plane displacement in the x direction is zero and the displacement is obtained by referring to Haasen et al. (2011) as follows ( , , ) 
where u(x,t) and w (x,t) are the displacement components in the mid-plane at time t along x and z directions, respectively.
The bending moment M, with the stiffness coefficient of beam D 11 and the flexural curvature κ, can be determined as the following equations
The governing motion of equation for the beam can be written as follows
which can be rearranged as Eq. (7) 4
Here, m is unit weight of the beam, In case of harmonic vibration, the root of Eq. (7) can be assumed as
where ω is the natural frequency of the FGM beam.
For the family of cross-sections with exponentially varying width and constant height, Eq. (7) reduces to
The solution of Eq. (9) can be obtained as follows
where parameters are 2 22
The boundary conditions relative to displacement, bending moment and rotation angle at the right and left ends of the beam are as follows:
At x=0, at any time t
Substitution of Eq. (10) into Eqs. (8), (12), (13), and then collecting the resulting terms in terms of variables C 1 , C 2 , C 3 , C 4 , we obtain the following matrix equation 
The matrix elements A ij are given in detail in the Appendix. For Eq. (14) 
Solving Eq. (15) by using the trial and error method, we can get μ. By the substitution of μ into Eq. (11), we obtain the natural frequency  .
Finite element formulation
In order to validate the analytical formulation and solution in the foregoing section, we also derive the finite element specific to the given problem. The transverse displacement function may be assumed as a cubic polynomial in x, and the shape functions for the four-degree of freedoms beam element are assumed as the Hermite interpolation function (Fig. 2) .
The linearly varying width b e and mass per unit length m e of the element are 
The displacement vector of the element, as noted in Fig. 2 
N N N N N 
In this case, the stiffness of the beam b e D 11 is similar to the flexural rigidity EI of the homogenous beam, so the strain energy expression U e for bending is given as follows 
Substituting Eq. (19) into Eqs. (20)- (22), the following can be obtained
where
The potential energy T s due to spring constants is determined as follows
where q 1(1) is the rotation at node one of the first element, q 3(N) denotes the rotation at node two of the last element.
The governing differential equations of motion can be derived using Hamilton's principle
where N denotes the number of finite elements. Therefore substituting Eqs. (23)- (27) into Eq. (28), the following can be obtained:
where M, K are mass matrix and stiffness matrix, respectively. The displacement vector w can be written as following in terms of nodal displacement q R R R are the coefficients of rotational and foundation spring, respectively, and  is a dimensionless natural frequency, where ξ 0 is the value of ξ for the case of isotropic homogenous beam (E 1 /E 0 ). Table 1 provides the first three dimensionless natural frequencies of a uniform FGM beam without any spring support when the modulus ratio E 1 /E 0 =1.0. The results obtained in this study are exactly the same as given by Hassen et al. (2011) , showing the adequacy of the proposed formulation. Table 2 presents the first three dimensionless natural frequencies of FGM beams evaluated based on analytical solution. If we use finite element mesh having more than 30 finite elements, the FE solution also gives the same results with those of analytical solutions only with ignorable amount of errors. The variable parameters in analyses are the non-uniform parameter (ψ), the coefficient of foundation () Table 2 it is obvious that when the non-uniform parameter (ψ) increases from -2 to 2, the natural frequency decreases independent of the other parameters. On the contrary, the natural frequency increases as the ratio of the coefficients of rotational spring support increases from 1.0,
This result can easily be understood because the natural frequency is proportional to the stiffness of foundation and the coefficients of rotational spring support. , , , , Table 2 First three dimensionless natural frequencies of non-uniform FGM beams all the cases in Fig. 5 . The trend of variation of natural frequencies is observed to be similar to each other regardless of the mode number and of the pair of parameters (ψ, E 1 /E 0 ). It is noteworthy, however, that when the coefficient of spring support is in the range of (0.001, 0.1), i.e., equivalent to hinge -hinge support, and in the range of (1000, 10000), i.e., equivalent to fixed -fixed support, the natural frequencies are nearly equal to each other for the cases of ψ=0 and ψ=2. This indicates that the effect of rotational spring at the support on the natural frequency for both beams, having a varying width (ψ=2) and a constant width (ψ=0), is not that prominent especially when the stiffness of spring support is extremely high or low. However, when the values of coefficient of spring support are in the moderate range of (0.1, 1000), the results are relatively sensitive to ψ, i.e., the beam of constant width (ψ=0) shows higher value of natural frequency than the beam with varying width (ψ=2). With these results, we can assert that the stiffness for the hinge support or fixed support can be conjectured with respect to the stiffness of the FGM beams.
The discrepancies between analytical and finite element (FE) solutions in the frequencies for the first three modes are shown in Figs. 6 and 7 depending on two pairs of parameters . In all the cases, the differences between those two results in percentile tend to zero as the finite element mesh is refined. This means not only that the FE solutions are converging to exact solutions but also that the analytical solutions based on the proposed formulation is exact. The discrepancies between the analytical solution and the FE analyses with coarse mesh seem to be caused by the linear approximation on the geometry of the FGM beams in the FE model (see Fig. 2 ). The first three normalized mode shapes of the FGM beam having the same ratio of Young's modulus (E 1 /E 0 =2) and the non-uniformity parameter for the width of the beam (ψ=1) are presented in Fig. 8 with various values of 12 R , R KK , and R Kf . As noted in the figure, the mode shapes are significantly affected by the stiffness of rotational springs at both ends. Furthermore, 
Conclusions
In this paper, an analytical solution for the evaluation of natural frequencies of functionally graded material (FGM) beams resting on an elastic foundation and rotational springs, at both ends of the beams, is suggested. The Euler-Bernoulli beam theory and the Winkler elastic foundation hypothesis are employed in modeling the FGM beam. In order to verify the adequacy of the proposed analytical scheme, a formulation for finite beam element analyses employing both the Hermite interpolation functions and Hamilton's principle is also presented. The results of finite element analysis converge to the analytical solutions suggested in this study as the mesh is refined. This fact shows not only the adequacy of the proposed analytical scheme but also the efficacy of the proposed analytical scheme since we need many finite elements for convergence due to nonuniformity of the beam under consideration.
The rotational springs at both ends, representing the practical boundary conditions depending on the values of the spring stiffness, cause a variety of behaviors. In particular, the frequencies of the FGM beam are observed virtually not to be affected by the non-uniformity parameter when the stiffness of end spring is extremely low or high. As to the mode shapes of the FGM beam, we observed that they are affected significantly by not only the non-uniformity parameter but the rotational-springs at both ends as well. 
The term A ij of matrix A in Eq. (14)         
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